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Abstract. 
The problem of heat transfer of non-Newtonian fluids in the channels of chemical-technological equipment is 
considered. A mathematical model is proposed for determining heat transfer characteristics during the flow of 
Bingham fluids, generalized displaced fluids and power fluids in channels of different geometries. During the 
Bingham fluid flow, for the calculation of heat transfer coefficients, the convective temperature transfer equation is 
given in the approximation of the thermal boundary layer so that only the transverse derivative with respect to y is 
stored on the right side, and the x coordinate is assumed to be aligned along the tangent component of the fluid flow 
velocity. Nusselt numbers are determined by the derivatives of the tangent velocity on the walls of the channels and 
at the boundaries of the solid core. If the tangent of the fluid velocity on the wall has two components, then the 
velocity, the derivative of the Nusselt number, is determined through these components in accordance with the 
Pythagorean theorem. When a generalized shear fluid is used to calculate the Nusselt numbers, it must be taken 
into account that in a flat channel with longitudinal and longitudinal-transverse flows there are two heat transfer 
coefficients, and in a rectangular channel there are four heat transfer coefficients. The determination of the heat 
transfer coefficients of a power-law fluid is considered only for longitudinal flow in a flat channel and is carried out 
similarly to the calculation procedure for Bingham and generalized-shear fluids. The obtained expressions, when 
carrying out engineering calculations, allow us to calculate the corresponding heat transfer and heat transfer 
coefficients during the flow of non-Newtonian fluids in the channels and with the environment. 
Keywords: non-Newtonian fluid; flow; heat transfer; pipe; channel; Nusselt number. 
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Анотація 
Розглянуто проблему теплообміну неньютоновскіх рідин в каналах хіміко-технологічного обладнання. 
Запропоновано математичну модель визначення теплообмінних характеристик при течії бінгамовських, 
узагальнено-зрушених та степеневих рідин в каналах різної геометрії. При течії бінгамовської рідини для 
обчислення коефіцієнтів тепловіддачі рівняння конвективного переносу температури приведено в 
наближенні теплового прикордонного шару так, що в правій частині збережена тільки поперечна похідна 
по змінній y, а координата x вважається спрямованою уздовж дотичної компоненти швидкості течії рідини. 
Числа Нуссельта визначаються похідними дотичній швидкості на стінках каналів і на кордонах твердого 
ядра. Якщо дотична швидкості течії рідини на стінці має дві складові, то швидкість, похідна числа 
Нуссельта, визначається через ці складові відповідно до теореми Піфагора. При течії узагальнено-зрушеної 
рідини для обчислення чисел Нуссельта необхідно враховувати що в плоскому каналі при поздовжній і 
поздовжньо-поперечноій течіях є два коефіцієнта тепловіддачі, а в прямокутному каналі – чотири 
коефіцієнта тепловіддачі. Визначення коефіцієнтів тепловіддачі степеневої рідини розглянуто тільки для 
поздовжньої течії в плоскому каналі і проводиться аналогічно методики обчислень для бінгамовскої та 
узагальнено-зрушеної рідин. Отримані вирази, при проведенні інженерних розрахунків дозволяють 
визнвчати відповідні коефіцієнти тепловіддачі і теплопередачі при течії неньютоновскіх рідин в каналах і з 
зовнішнім середовищем. 
Ключові слова: неньютонівська рідина; течія; теплообмін; труба; канал; число Нуссельта. 
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Аннотация 
Рассмотрена проблема теплообмена неньютоновских жидкостей в каналах химико-технологического 
оборудования. Предложена математическая модель определения теплообменных характеристик при 
течении бингамовских, обобщенно-сдвиговых и степенных жидкостей в каналах разной геометрии. При 
течении бингамовской жидкости для вычисления коэффициентов теплоотдачи уравнение конвективного 
переноса температуры приведено в приближении теплового пограничного слоя так, что в правой части 
сохранена только поперечная производная по переменной y, а координата x считается направленной вдоль 
касательной компоненты скорости течения жидкости. Числа Нуссельта определяются производными 
касательной скорости на стенках каналов и на границах твердого ядра. Если касательная скорости течения 
жидкости на стенке имеет две составляющие, то скорость, производная числа Нуссельта, определяется 
через эти составляющие в соответствии с теоремой Пифагора. При течении обобщенно-сдвиговой жидкости 
для вычисления, чисел Нуссельта, необходимо учитывать, что в плоском канале при продольном и 
продольно-поперечном течениях есть два коэффициента теплоотдачи, а в прямоугольном канале – четыре 
коэффициента теплоотдачи. Определение коэффициентов теплоотдачи степенной жидкости рассмотрено 
только для продольного течения в плоском канале и проводится аналогично методики вычислений для 
бингамовской и обобщенно-сдвиговой жидкостей. Полученные выражения, при проведенни инженерных 
расчетов позволяют вычислять соответствующие коэффициенты теплоотдачи и теплопередачи при 
течении неньютоновских жидкостей в каналах и с окружающей средой.  
Ключевые слова: неньютоновская жидкость; течение; теплообмен; труба; канал; число Нуссельта. 
_______________________________________________________________________________________________________________________________________________ 

Introduction 
Heat exchange plays an important role in the 

processes of the chemical and food industries. A 
detailed study of the structure of heat flow allows 
a high level of organization of technological 
processes. It is known that most liquids used in 
the production of chemical and food products 
have an abnormal flow character, so studying the 
process of heat exchange of non-Newtonian fluids 
is very relevant. Nowadays, there is little 
scientific work on the study of heat transfer in 
non-Newtonian fluids, usually theoretical 
analytical studies [1]. The nonlinearity of the flow 
of non-Newtonian fluids creates additional 
difficulties in solving the problems of convective 
heat transfer, so very often researchers solve 
problems in a simplified form and, as a rule, for 
the laminar mode of motion [2]. It should be 
noted that turbulent flow conditions are more 
favorable for the intensification of the heat 
transfer process, but given that most non-
Newtonian fluids are high molecular weight 
fluids, creating flow turbulence under real 
conditions is quite a difficult task. When forming 
a mathematical task for the study of convective 
heat transfer, a technique is used that leads to the 
compilation of a complex system of equations. It 
includes equations of rheological state of 
material, equation of continuity, energy and 
equation of thermodynamic composition of liquid 
[3]. The solution to this problem is the functions 

that satisfy the specified equation and defined 
boundary conditions. The boundary conditions 
include initial conditions consisting of the 
distribution of velocity, temperature, etc. in the 
initial time period. If fluid flow and heat transfer 
are stationary, then the initial conditions are no 
longer present. The boundary conditions include 
the geometric shape of the system and the 
directions of movement and heat transfer. The 
fluid flow in the pipe is limited by the inner 
surface of the walls, the inlet and outlet sections, 
which also constitute boundary conditions. As a 
rule, the boundary conditions for velocity on the 
wall surface are set without taking into account 
the motion of the fluid. The boundary conditions 
for temperature are formed on the basis of the 
continuity of the temperature carrier at the 
liquid-wall boundary [4]. 

 

Analysis of recent research and publications. 
Non-isothermal conditions of technological 
processes in chemical-technological equipment 
are much more common than isothermal ones. 
Today, there are many methods of supply and 
removal of heat flows to or from the heat transfer 
surface of machines and apparatus: including the 
“pipe in pipe” principle or those with an 
intermediate shell. The magnitude of the heat 
flow through a solid surface is determined by its 
thermal resistance and the heat transfer 
coefficients from the sides of the heat exchanging 
media [5]. If the medium is Newtonian, then the 
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heat transfer coefficients are determined using 
known formulas [6]. As mentioned above, much 
less is studied in the non-Newtonian medium [1]. 
In this work the authors study the calculation of 
the coefficients of heat transfer during the flow of 
non-Newtonian fluid in a pipe or channel of 
chemical and technological equipment. From the 
analysis of the technical literature, we can 
conclude that among the variety of non-
Newtonian fluids, the most common are three 
classes: Bingam fluids, generalized displaced 
fluids and power fluids. Under the term 
"generalized-displaced fluids" we mean liquids 
whose viscosity depends on the shear rate in an 
arbitrary manner. A special case of such fluids is 
power fluid [7]. Flow sections such as pipes and 
ducts are chosen because the pipe is the main 
element of the heat exchangers and the duct is 
the main element of the working chamber of the 
worm extruder [8]. The content of this work is 
based on a number of results on the flow of the 
fluids mentioned above in pipes and ducts [9, 10, 
11, 12, 13, 14]. In particular, [14, 15] considered 
the flow in channels of flat and rectangular 
shapes whose boundaries move along 
themselves, as well as in longitudinal and 
transverse directions. In [14, 15, 16], three-
dimensional fields of non-Newtonian fluid flow 
were constructed at different boundary 
conditions, which form the necessary conditions 
for calculating the heat transfer coefficients. As it 
is known, the flow of fluid in a pipe or duct can be 
organized so that in the process of supply or 
removal of heat the thermal boundary layer is 
formed (or not formed) [17]. The flow of the fluid 
itself also may (or may not) form a hydrodynamic 
boundary layer. The flow in which the 
hydrodynamic layer is absent or, in the same 
way, occupies the entire cross-section of a pipe or 
channel is called stabilized [18]. Otherwise, it is 
unstable [18]. The same is true of the 
temperature transfer process [19]. The measure 
of the ratio of the thickness of the hydrodynamic 
and thermal boundary layers is the Prandtl 
number [18, 19]. For most of the flows, the 
thickness of the hydrodynamic boundary layer is 
greater than the thermal one, and the Prandtl 
number is greater than one. This is especially 
true if the hydrodynamic boundary layer 
occupies the entire cross section of a pipe or 
channel [18, 19]. 

 
Results of the research and their 

discussion 

This paper deals with stabilized flows of non-
Newtonian fluids in a hydrodynamic sense and 
with destabilized temperature transfer with 
respect to the thermal boundary layer. The latter 
condition means that the Péclet number is much 
greater than one [20]. The convective 
temperature transfer equation is used to 
calculate the heat transfer coefficients [1,2,3]. The 
heat transfer is affected by the velocity 
component, which can be both tangent and 
normal relative to the heat transfer surface [1]; in 
straight channels and pipes with a stable flow, the 
normal velocity component is absent. A 
tangential velocity component can have two 
components - along and across the longitudinal 
axis of a pipe or channel. In this case, the tangent 
velocity component is the vector sum of these 
components, and it is this sum that determines 
the heat transfer coefficient. 

The equation of convective temperature 
transfer is written as follows: 

 (1) 

where x  and y  – tangent and normal 
components of non-Newtonian fluid velocity 

vector, m/s; T  – absolute temperature of the 

liquid, K;   – temperature conductivity of the 

liquid, m2/s;   – thermal conductivity of the 
liquid, W/m∙K; ρ – fluid density, kg/ m3; ср – heat 
capacity of the liquid, J/kg∙K. Equation (1) is 
written in the approximation of the thermal 
boundary layer so that only the transverse 
derivative of the variable y is preserved in its 
right side. The x coordinate is considered to be 
aligned along the tangent component of the 
velocity of the fluid (in the case of purely 
longitudinal flow, the tangent component is 
directed along the axis of the pipe or channel). 
The above is shown in Fig. 1. 

Consider 0y  , given the fact that there is a 
thermal boundary layer and the heat flux near the 
solid surface depends on the behavior of the 
velocity field only near that surface. The second 
and first order decompositions for Bingam and 
non-Bingam fluids, respectively, should be used 
according to the small distance to the solid 
surface. If this distance is denoted as, the y  

following expression should be used for Bingam 
and non-Bingam fluids near the boundaries of 
sections of the flow (channel pipe walls): 

  (2) 
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while for Bingam fluid near a solid core, the 
following expression should be used: 

    (3) 

where w  - velocity of the flow near wall, m/s; 

k  - velocity of the solid core, m/s. In (3) 

addition, proportional to y  is absent because the 
second invariant of the deformation rate tensor 
turns to zero [7]. 

   а       b 
Fig. 1. Thermal boundary layers in Bingam fluid: a - cross-sectional view; b - view along a flat channel

Equations (1) from x  to (2) and (3) allows 
self-driving solutions with the help of 
substitutions of this following kind [17]: 

  

(for x  according to formula (2));  (4) 

 

(for x  according to formula (3)) 
 

as see from (4), the heat flow density decreases 

along the direction of the tangent velocity 1 3x  

and 1 4x  for first and second cases respectively. 
By entering the average value of the heat flow 

density at some length L and considering the 
standard definition of the Nusselt number for the 
latter, we obtain the following expressions: 

 
in which h – half-width of the channel, pipe, m. 
Thus, it follows from (5) that the Nusselt 
numbers are determined by the derivatives of the 
velocity tangent to the wall on the walls of 
channels, pipes and at the boundaries of the solid 
core for the Bingam fluid. Below are the flows of 
bingam fluid in the flat and rectangular channels 
(see Figs. 2 and 3).  

 
  a       b 

Fig. 2. Longitudinal flow of bingam fluid in a flat channel: a - cross-sectional view; b - view along the channel 
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The velocity of the longitudinal flow in a flat 
channel is as follows [7] 

 

where ||  – velocity of the flow, m/s;   – the 

viscosity of the Bingam fluid, Pa s; P  – pressure 

in the Bingam fluid, Pa; ||w
 – velocities of the 

upper and lower boundaries of the channel, 

respectively, m/s (see Figure 2);    – 

dimensionless coordinates of the solid core; 0  – 

the boundary of the flow, Pa.  
The velocity of the longitudinal flow of bingam 

fluid in a rectangular channel is written as 
follows [14; 15]: 

 

 

 
 

where а - the width of the rectangular channel, m; 

h - the height of this channel, m; y


 and x


 - 

dimensionless boundaries of the solid core. The 

values for x


 and y


 are determined by the 

authors [14; 15]. Their precice view is the linear 

combination of expressions (6) for 


 with 
weight factors, dependent on the channel shape 
parameter æ  [14; 15]. 

 
 

 
 
 
 
 

 
 

 
    a        a           b 

c 
Fig. 3. Longitudinal and transverse flow of bingam fluid in a rectangular channel: a - longitudinal flow of bingam fluid 

in a rectangular channel; b - longitudinal flow of bingam fluid in a rectangular channel, as a composition of flat 
liquids; c - transverse flow of bingam fluid in a rectangular channel
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The velocity of the longitudinal and transverse 
flows of bingam fluid in a rectangular channel 
with velocity boundaries (see Fig. 3) for the 
longitudinal velocity component coincides with 

the expressions (7), and the transverse velocity 

components  y 

  and x 

  are represented by the 
following expressions [7]: 

 

 

h x h  ; y y h  ; 

y y a  ; x x a  ;

where y hdP d , x adP d  - transverse pressure 

gradients in the cross-sectional plane of the 
channel, Pa/m. (see Fig. 3). 

УIn formulas (7) and (8) there are valuies y


, 

x


, r
, 

s , which depend on the combinations 

of boundary conditions in fractional and rational 
ways, which are not presented here due to the 
complexity of the calculations [7]. Based on 
formulas (4) and (5), the corresponding 
derivatives should be calculated. For the flat 
channel and the longitudinal flow there are two 
coefficients of heat transfer - on the upper and 
lower walls; and two heat transfer coefficients, at 
the upper and lower bounds of the solid core.  
This means that the first derivatives of (6) in 

points  1y    and the second derivatives of the 

same expression in points  y    must be 

calculated. By omitting simple intermediate 
actions, you can write the following result: 

 

Therefore, Nusselt numbers are proportional 
to the cubic root of the first expression and the 
fourth degree root of the second expression (9). 

Taking into account expression (6) for 


, it 
turns out that Nusselt numbers in a rather 
complicated way depend on all the parameters of 
the flow: pressure gradient, flow threshold, 
velocity differences of the flow near walls. 

In the longitudinal flow of Bingam fluid in a 
rectangular channel there are eight boundaries - 
four walls and four boundaries of the solid core. 
Therefore, there are eight heat transfer 
coefficients. To calculate them, it is necessary to 
determine four first derivtives of expressions (7) 

by y  and x  respectively in points 1y   ; 

1x    and four second derivatives by y  and x  

respectively in points y y   , x x   . By 

omitting the intermediate transformations, the 
final result can be written as follows:  

 

Finally, in the longitudinal-transverse flow in 
the rectangular channel there are eight 
coefficients of mass transfer. The calculation is 
exactly the same as the calculation for the 
longitudinal flow. Formulas (7) and (8) should be 
used. The only difference from the longitudinal- 

transverse flow is that instead of  ||y 

 and ||x 

 we 

should calculate the first an second derivatives 

from  An 
example below is a calculation for speed with 

index « y ». The following expressions are 
relevant:
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If expressions (11) are taken in points 1y    

and y y   , then (11) are simplified, so we 

receive the following results: 

 

 

ijn which k  - velicoty of the colid core, m/s. This 
value is defined in the work of the authors [7] 
and due to the complexity of the calculations it is 
not given here.  
 

 
Fig. 4. Rectangular channel and boundary 

conditions of three-dimensional flow in the channel: 

IIYW 
 - value of longitudinal velocity on the walls of the 

channel, normal to the OY axis; IIXW  - the value of the 

longitudinal velocity on the walls of the channel, normal 

to the OX axis; ,X YW W 

   - values of the transverse 

velocities at the channel boundaries. 
 

Derivatives from components x


 by x  are 

calculated in the same way. The result coincides 
with (12), taking into account the replacement of  

index « y » with index « x » and values  ||yw

, yw

  

with values ||xw

 і xw

  (see Fig. 3). The very first 

and second derivatives included in (11) and (12) 
are calculated from expressions (8). 

According to the written above for the Bingam 
fluid, the calculation of the heat transfer 
coefficients for the flow of generalized and power 
fluids should be considered. Below, we consider 
the longitudinal flow in a flat channel as the base 
flow, similar to the same flow of Bingam fluid. 
Then the longitudinal and transverse flow in the 
flat channel and the longitudinal flow in the 
rectangular channel are considered (see Figs. 4-
7).The boundary conditions for the basic problem 
of the Couett flow are shown in Fig. 5. 

 
Fig. 5. Slit channel fragment and boundary 

conditions: 
,i x y

; i x , width of channel – 2a; 
i y

, 
width of channel 2h 

 

The expression for a longitudinal flow profile 
in a flat channel is as follows [7]: 
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in which ef  – the viscosity of the generalized 

fluid Pa∙s; α, β – viscosity parameters; w


 and w


 
– movement velocity of the flow near channel 
walls, m/s. (see Figure 4); z  – coordinate along 
the axis of the channel, m. The expressions for the 
velocity of a longitudinal transverse flow in a flat 
channel in the longitudinal direction have the 

form similar to (13), but due to the fact that there 
are two velocity components in this flow, the 

value β varies by this rule: , 

where value k  depends on the velocities at the 
boundaries of the channel in the following way 
[14]. 

 
                 a                         b 

Fig. 6. Transverse flow in the slit channel: a - depending on the coordinate y, b - depending on the coordinate х

 

where w

 , ||w

 - velocities of the of the flow near 

channel walls in the longitudinal and transverse 
directions, respectively. The value of α in the 
longitudinal transverse flow coincides with the 
same value of the longitudinal flow. Transverce 

velocity component y


 is also described by the 

formula (13), вin which the longitudinal pressure 

gradient dP dz  must be replaced with a 

transverse gradient dP dy ; and value β should 
be replaced with value βх according to the rule: 

 The value of α remains 
equal to its value in the longitudinal flow. The 

longitudinal transverse flow is characterized by 

two special points zy
 and yy

, expressions for 

which are derived from expression (13) for 

coordinate y
 according to the rules: 

 

  

    a     b 

Fig. 7. Rectangular channel breakdown and breakdown Linearization: 
a – for longitudinal flow; b – for transverse flow 
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A longitudinal flow in a rectangular channel is 
also constructed from velocity profiles (13) as the 
main parameters. This is done by splitting the 
rectangular cross-section of the channel into 

subdomains in which the longitudinal velocity 
depends on the x and y coordinates separately 
[14]. The compact expression of the expression 
for longitudinal velocity is as follows:

where a  – the width of the rectangular channel, 
m. 

When calculating the heat transfer coefficients 
of the flows whose velocities are represented by 
formulas (13), (14), (15), and (16), it is necessary 
to use formulas (5), while taking into account that 
in a plane channel in the longitudinal and 
longitudinal transverse flows there two 
coefficients of heat transfer, and in a rectangular 
channel — there are four coefficients of heat 
transfer. In a longitudinal transverse flow in a flat 
channel, it is necessary to add two components of 
tangent velocity according to Pythagorean theory. 
As for the Bingam fluid flow, the calculation of the 
heat transfer coefficients is reduced to calculating 

the first velocity derivatives near the channel 
boundaries. For a longitudinal flow in a flat 
channel, the values of the derivatives in points 
y h   are equal to: 

 
For the longitudinal transverse flow, the rule 

of finding the vector module (see formula (17) of 

the expression for y


) must be used in the 

calculation of the derivatives. As a result of 
calculations for derivatives, the following 
expressions are correct:

 
.

The calculation of derivatives for longitudinal 
flow in a rectangular channel is performed 
according to the formulas (16) and is reduced to 
formulas of type (17) with corresponding values 

і , і , іx . 

It makes sense to separately consider the 
calculation of heat transfer coefficients for the 
flow of a power fluid. Due to the fact that a 

number of coolants is characterized by the 
viscosity of a power fluid [15]. Due to the fact that 
the main points of the calculations are exactly 
similar to those described for Bingam and 
generalized liquids, only the longitudinal flow of a 
power fluid in a flat channel is considered below. 
The expression for the velocity of the longitudinal 
flow of a power fluid with exponent is as follows:
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The calculation of the derivative of (19) for the 
heat transfer coefficient results in the following 
result: 

 
The presented resultss indicate that the 

dependency of the Nusselt number on the 
pressure gradients (longitudinal and transverse) 
of the rheological and geometric characteristics 
of liquids and channels is nonlinear and very 
complex. In order to make this dependency 

simpler and clearer, you should write down the 
expressions for the Nusselt number for the 
simplest flow, that is, for the longitudinal flow in 
a flat channel. The more complex flows also have 
Nusselt numbers, but the numbers are more 
quantitative than the complicated ones. 

The expressions for the Nusselt numbers 
below are written according to formulas (5) up to 
the trivial factors at velocity derivatives. For 
Bingam fluid, the Nusselt number is proportional 
to the following expression:

 
 

Conclusion 
Based on the above, we can draw the following 

conclusions. All presented results refer to 
hydrodynamically stabilized flows. Nusselt 
numbers for Bingam fluid and other non-

Newtonian fluids at the walls of the channels are 
determined by the first derivative of the velocity 
aligned along the normal to the wall. Nusselt 
numbers for the Bingam fluid within the solid 
core are determined by the second derivative of 
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the velocity for to the normals to the boundary. If 
the tangent velocity of the fluid flow at the walls 
has two components, then the velocity, the 
derivative of which is included in the Nusselt 
number, is determined through these 
components according to Pythagoras' theorem. 
Nusselt numbers for Bingam and generalized 
fluids depend on three parameters for 
longitudinal flow in a flat channel. If a flow is 
more complex, that is, two or three-dimensional, 
then the number of parameters increases so that 
these parameters are generated by each velocity 
component of the multidimensional flow and 
form all possible combinations. 

Subsequently, the value of Nusselt numbers 
allows us to calculate the corresponding 
coefficients of heat transfer and heat return 
between non-Newtonian fluids, pipes and 
channels, and the environment. 
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