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Abstract 
Introduction. We proposed a mathematical description of the flow of a Bingham fluid with transverse circulation in 
a rectangular channel of a worm machine. Materials and methods. As a material, we chose Bingham fluids with two 
constant parameters - viscosity and fluidity thresholds. We overviewed the influence of the transverse circulation 
on such characteristics of the visco-plastic flow as the size of the solid core, velocity of the core and the flow rate. 
The flow in a rectangular channel is formed as a result of superposition of flows in two plane channels which are 
crossed at right angles. Results. During the simulation of the three-dimensional flow of Bingham fluid in the channel 
of a rectangular cross-section with transverse circulation, two basic elements are applied. The first one consists of 
dividing the rectangle into a solid core and four rectangular sections of the viscous flow. The second element is that 
the viscous flow in each of the plots is two-dimensional, that is, longitudinal and transverse, but depends on the one 
coordinate. This means that such flows are equivalent to the flows with transverse circulation in the flat channel, 
the core of the flow of the Bingham fluid has a rectangle at the intersection. This approach allows to calculate all the 
basic characteristics of a complex three-dimensional flow in the explicit analytical form and analyze its dependence 
on the boundary conditions, taking into account the influence of all eight longitudinal and transverse conditions 
with any possible distribution on the boundaries of the channel. We proposed the calculation formulas for 
determining the velocity of the core of the current, flow rates and the values of dissipation energy in the symmetric 
form with respect to the coordinates. Conclusion. The mathematical description of the longitudinal flow of a 
Bingham fluid with transverse circulation in a rectangular channel of a worm machine allows to carry out the 
simulation of various flows of visco-plastic liquids and to determine the macro-kinetic characteristics at each point 
of the channel.  
Keywords: Bingham fluid; flow; circulation; model; channel; worm machine. 

МОДЕЛЮВАННЯ В’ЯЗКОПЛАСТИЧНОЇ ТЕЧІЇ БІНГАМОВСЬКОЇ РІДИНИ З 
ПОПЕРЕЧНОЮ ЦИРКУЛЯЦІЄЮ В ПРЯМОКУТНОМУ КАНАЛІ ЧЕРВ’ЯЧНОЇ МАШИНИ 
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Анотація 
Запропоновано математичний опис течії бінгамовської рідини з поперечною циркуляцією в прямокутному 
каналі черв’ячної машини. Як матеріал обрано бінгамовські рідини з постійними двома параметрами – 
в’язкістю та порогом текучості. Розглянуто вплив поперечної циркуляції на такі характеристики 
в’язкопластичної течії, як розміри твердого ядра, швидкість ядра й витрати рідини течії. При моделюванні 
тривимірної течії бінгамівської рідини в каналі прямокутного поперечного перерізу з поперечною 
циркуляцією застосовано два основних елементи. Перший полягає в розбивці прямокутника на тверде ядро 
та чотири прямокутні ділянки в’язкої течії. Другий елемент полягає в тому, що в’язка течія у кожній із 
ділянок є двомірною, тобто поздовжньою і поперечною, але залежить від однієї координати. Це означає, що 
такі течії еквівалентні течіям із поперечною циркуляцією в пласкому каналі, ядро течії бінгамовської рідини 
має в перетині прямокутник. Даний підхід дозволяє в явному аналітичному виді обчислити всі основні 
характеристики складної тривимірної течії й проаналізувати її залежність від граничних умов із 
урахуванням впливу усіх восьми поздовжніх і поперечних умов із будь-яким можливим їхнім розподілом на 
границях каналу. Запропоновано розрахункові формули для визначення швидкості ядра течії, витрати течії, 
величини енергії дисипації в симетричному вигляді відносно координат.  
Ключові слова: бінгамовська рідина, течія, циркуляція, модель, канал, черв’ячна машина. 
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Аннотация 
Предложено математическое описание течения бингамовской жидкости с поперечной циркуляцией в 
прямоугольном канале червячной машины. В качестве материала выбраны бингамовские жидкости с двумя 
постоянными параметрами – вязкостью и порогом текучести. Рассмотрено влияние поперечной циркуляции 
на такие характеристики вязкопластического течения, как размеры твердого ядра, скорость ядра и расход 
жидкости течения. При моделировании трехмерного течения бингамовской жидкости в канале 
прямоугольного поперечного сечения с поперечной циркуляцией применены два основных элемента. 
Первый заключается в разбивке прямоугольника на твердое ядро и четыре прямоугольных участка вязкого 
течения. Второй элемент состоит в том, что вязкое течение в каждом из участков является двухмерным, то 
есть продольным и поперечным, но зависит от одной координаты. Это означает, что такие течения 
эквивалентны течениям с поперечной циркуляцией в плоском канале, ядро течения бингамовской 
жидкости имеет в сечении прямоугольник. Данный подход позволяет в явном аналитическом виде 
вычислять все основные характеристики сложного трехмерного течения и проанализировать его 
зависимость от граничных условий с учетом влияния всех восьми продольных и поперечных условий с 
любым возможным их распределением на границах канала. Предложены расчетные формулы для 
определения скорости ядра течения, расхода течения, величины энергии диссипации в симметричном виде 
относительно координат.  

Ключевые слова: бингамовская жидкость; течение; циркуляция; модель; канал; червячная машина. 
_______________________________________________________________________________________________________________________________________________________________ 

Introduction 
In the food and chemical technology competent 

instrumentation plays an important role in the 
processing of raw materials. Machines and 
apparatus, suitably designed and constructed, are 
capable of carrying out the corresponding 
processes as close to the laboratory conditions as 
possible. 

The laws of the flow of high viscosity materials 
lie at the heart of many technological aspects of 
processing the raw food materials. The 
characteristics of the flows of high-viscosity non-
Newtonian materials are fundamental to the 
proper conduction of such processes.  

Such movements generate fields of velocity and 
shear stress, which act as a driving force and 
means, which effect the materials and ensure the 
progress of mechanophysical and 
mechanochemical transformations [1–3]. A 
movement in which the fields of velocity and 
stress are generated can not be provided by the 
pumps due to the high viscosity of the processed 
materials.  

For this purpose the worm machines, 
specifically designed to influence such materials 
[4–8] are used in industry. These machines 
combine the ability to move material with the 
ability to mix it. These two abilities are 
prerequisites for effective mechanophic and 
mechanochemical effects on the material. 

Analysis of recent research and publications. As 
a rule, the transportation ability and the ability of 
the force (of the shear) impact on the material 
contradict each other to a certain extent. To 
optimally combine these abilities, it is necessary to 
choose the correct structure of the working 
chamber of the worm machine, which is a 
collection of serially connected channels with 
different geometries. In the case of the use of two 
or more worm machines this statement is 
maintained, but it should be taking into account 
that the channels communicate with each other [2; 
4; 6].  

The channels are distinguished by a large 
variety of their cross-sections [3–5]. When 
analyzing the motion in a channel of different 
shapes, we must locate the calculations on a 
channel with rectangular cross-section. Such 
channel acts as the main one, often being the base 
for various constructions. The flow in such 
channel is associated with the real movement of 
the processed material with the help of specially 
assigned boundary conditions [1; 2; 8]. Namely, on 
the boundaries of a rectangular channel, the 
velocities of these boundaries are set, which have 
both longitudinal (along the length of the channel) 
and transverse components. The values of these 
components are determined by the diameter of 
the worm, the number of revolutions of the worm 
and the angle of the helix [2; 4; 6]. Boundary 
velocities determine the velocity and stress fields 
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within the channel, linking them to the main 
constructive (worm diameter and pitch) and 
mode (worm speed) characteristics of the worm 
machine.Today the study of flow of visco-plastic 
materials in the channels with different geometric 
profiles is an actual problem and is of practical 
interest. However, it should be noted that the 
study of "simple" one-dimensional models do not 
fully meet the real flow conditions so that it does 
not take into account all the functional 
relationship between the main parameters of the 
process. Phenomenological models, which 
describe these conditions in detail, appear to be 
complex and consider only one longitudinal 
direction of the flow, excluding boundary 
velocities. This does not correspond to actual 
conditions of processes in chemical and food 
production [3–6; 8]. Taking into account the 
above-mentioned problems and considering the 
difference in the pressure at the ends of the 
channel and the moving boundaries, it should be 
noted that to date, the simulation of the flow of 
non-Newtonian fluids in channels with basic 
geometry is quite an actual and completely 
unsolved scientific and applied issue.  

The purpose of this paper is to study the 
motion of the Bingam material in a rectangular 
channel with an arbitrary distribution of the 
longitudinal and transverse components of the 
boundary velocities. The choice of such material is 
dictated by the significant practical importance of 
such materials and their prevalence in food and 
chemical technologies [3–5, 8–10].  

Tasks of the researches 
1. The study of macrodynamic and 

macrokinetic parameters in the flow of Bingam 
liquid in rectangular channels. 

2. Estimation of the influence of transverse 
circulation on such characteristics of viscoplastic 
flow as the dimensions of the solid core, velocity of 
the core and the flow rate for different boundary 
conditions. 

3. Construction of a three-dimensional model 
of a Bingam fluid in a channel of a rectangular 
cross-section by various methods, which allows to 
calculate in an explicit analytical form all the main 
characteristics of a complex three-dimensional 
flow and see how it depends on the boundary 
conditions. 

 

Materials and methods 
In this paper, the Bingam material is 

represented by a Bingham fluid, which has two 
constant parameters - the viscosity μ and the yield 
point τ0. The modeling method is based on the 
work of the authors, in which they overview the 
method of flow analysis: the flow in a rectangular 
channel is reduced to the flow in a plane channel 
[11–15]. The flow in a rectangular channel is 
obtained as a result of superposition of flows in 
the two flat channels crossed at right angles [9; 
16–18]. 

 

Results of the research and their 
discussion 
The cross-section of a rectangular channel and 

the characteristics of the core of the flow are 
shown on the Fig. 1a. The flow in a rectangular 
channel with moving boundaries is assumed to be 
three-dimensional and flat. This means that all 
three velocity components – longitudinal vz and 
transverse vx and vy depend only on the 
transverse coordinates – x and y.

  
 
   a       b 

Fig. 1. Model of viscoplastic flow in a rectangular channel 
 

The equations of the motion of a viscoplastic 
fluid in stresses are as follows: 
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in which P is the pressure in the channel, τik,i,k= 
x,y,z are the components of the stress tensor; 



)( yx  – dimensionless components of the 
boundary contour of the flow core; a and h are the 
width and height of the rectangle in the cross 
section of the channel.  

Equations (1) can be successively reduced to 
flow equations in a flat channel, which has in the 
cross section a strip parallel to the OX axis and in a 
flat channel, the strip in the section of which is 
parallel to the OY axis. Accordingly, the channels 
are shown in the Fig. 1b. It is not necessary to 
consider the flow in two flat channels separately, 
due to the duality relations between them, it is 
sufficient to consider only one of the two flows 
[11; 19]. Without loss of generality, we consider 
the flow in a flat channel, whose boundaries are 
parallel to the axis ax. The stress tensor τzy is used 
as the main component, relative to which the 
remaining components are estimated. Proceeding 
from this equation (1) can be transformed: 
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where +
x||W , ±

y||W  – are boundary longitudinal 

velocities (see Fig. 1a); k – is the motion velocity 
of a solid core; signs "plus" and "minus" indicate 
the position above and below the core for a 
quantity with the index "y" and to the right and left 
of the core for quantities with the index "x" 
respectively. 

From formulas (2) it folllows that for the 
subsequent solution it is necessary to exclude all 
the stress components except for τzy, and also in 
the first equation it should be expressed the 
derivative of τzy in x in terms of the derivative of 
τzy in y. The derivatives with respect to these 
variables are related by the relation /x =  /y, 
where  = h/a [11; 17]. Estimates for the 
components of the stress tensor are as follows: 
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where ±
x(y)W  – are transverse components of the 

boundary velocities at the boundaries of a 

rectangular channel parallel to the axes ox and oy 
respectively. Using the relations (3), the system of 
equations (1) can be written in the form 
corresponding to the flow in a plane channel: 
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where ±
yρ  is defined by formula (2), equals to the 

multiplier which is formed by the boundary 
velocities when estimating the ratio τxx/τzx in 

formula (3), ±
ym  equals to the first addendum, ±

yn  

– equals to the second addendum, which are 
formed by boundary velocities to assess the 
relationship τxy/τzy in formula (3). Equation 
system (4) is solved in works of authors [10; 11]. 
It is established there that the velocity of the solid 
core k is a fractional-rational function of the 

values 


y . It is also established that the profile of 
the longitudinal velocity z depends quadratically 
on the transverse coordinate у. The expressions 
for k and z include three constants, after 
elimination of which a system of two nonlinear 

equations is obtained to find the values 


y . The 
features indicated here are relevant purely to 
longitudinal flow in a rectangular channel. The 
results obtained for purely longitudinal flow can 
be transferred to a flow with transverse 
circulation, making corresponding changes in the 
results of the authors [13]. Since the cause of 
transverse circulation is the presence of 
transverse components at the boundary velocities, 

since in the case 0±
x(y)W  there is no circulation; 

and the following equalities hold 0θ =±
y , 0=m±

y , 

0=n±
y . Then the system of equations (4) coincides 

with the one studied previously [9; 10; 14]. It was 
shown that the solution of the system of equations 

for the boundaries of the core 


y  and 


x  for 
flow without transverse circulation is the sum of 
two solutions for plane channels with sides in 
sections parallel to the axes ОХ and ОУ 
respectively. Such flat channels correspond to the 
limiting values of the channel shape parameter 
 = 0 and  = . The case  = 0 means that h=const, 
a=; and the case = means that h=, and 
a=const. For the flow with transverse circulation, 
the system of equations for calculating the values 



y  is written in the following form:  
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If the system of equations (5) is considered for 
the case =0, then this is equivalent to the system 
of equations for a flat channel. This means that the 
equations (5) for  = 0 are a consequence of the 
following system of equations, which after 

elimination of the constants c1, ±c2  are 

transformed into equations (5) for  = 0: 
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After carrying out a number of 
transformations, which are cumbersome and are 
not presented for simplicity, for the solutions of 
equations (6), we end up with the following 
expressions: 
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If there is no transverse circulation, then 
  00  , since ±

ym  turn to zero. Using the dual 

nature of the values characterizing flows in flat 
mutually perpendicular channels with a width h 
and a, based on (7), we can immediately write 

expressions for quantities 


x  for  = : 
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Formulas (7) and (8) give a solution of the 

system of equations (5) for values 


y at  = 0 and 

a similar system of equations for values 
x , that 

differs from (5) by changing indices "y" to indices 
"x" and by changing →1/; which was not 
presented before in order to avoid repetition. . 

Next, we need to solve the system of equations 
(5) for another limiting case:  = , then, using 
duality considerations, write the expressions for 

)0(   x . The system of equations (5) in the limit 

= takes the following form: 
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  (9) 

It can be shown that the system of equations 
(9) is equivalent to one quadratic equation with 

respect to 


y . Omitting the long and cumbersome 
transformations, the result of the system of 
equations (9) can be written in the following form:
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The specific of the solution (10) is the fact that 
it does not depend on the transverse flow 
characteristics, which are concentrated in the 

values ±
ym  and ±

yn . In other words, the values 

)0(   y  depend on the transverse boundary 

velocities, and the values )0(   y  do not depend 

on them. The general (not for this limiting case) 

dependency 


y  on ±
ym  and ±

yn  is present. This 

can be verified if the system of equations (5) is 
expanded in a series on the parameter 1/ near 
the point = (1/ = 0). In the first and subsequent 
terms, such a relationship is present.In view of the 

already mentioned dual property between )( 
y  

and )/1(  x , an expression for the values 
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)0(   x  can immediately be written down. To do 

this, we need to replace all “x” indices with “y” 
indices in formula (10); also in the value wx 
(which replaces wy) we need to replace the factor 
1/а with factor 1/h; in the derivative of the 
pressure, we must replace the variable ζa with the 
variable ζh. Taking into account what has been 
said, it is now possible to construct expressions for 

)( 
y  and )( 

x  in the entire range of variation of 

this parameter, relying on expressions (7), (8), 

(10) and its analogue for )0(   x . Bearing in 

mind that equations (5) and their analogue for 
x  

contain only a dependence on 2, it should be 
concluded that the exact solution for equations (5) 

and their analogues for 
x  depends only on 2. 

Therefore, any interpolating formula based on the 
limiting values (7), (10) should consist of factors 
that depend only on 2. The simplest of the 
corresponding interpolations has the following 
form:
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To calculate the velocity of a solid core and the 
flow rate it is sufficient to use formulas (7), (8), 

(10) and its analogue for )0(   x , and (11). To 

calculate the dissipation energy density, we need 
to add formulas for transverse (circulation) flows. 
The velocity of the longitudinal flow in the regions 
located between the boundaries of the solid core 


y and the boundaries of the rectangular channel 

y=±h are the result of solving the first equation – 
the flow equation in formulas (2). This equation 
for the longitudinal velocity z is a second-order 
equation with respect to the single variable y. The 
pressure gradient is constant in this case. If we use 
the dimensionless variable ξh=y/h, then the 
velocity profile z is a square trinomial. The 
velocity of the longitudinal flow z for the regions 
located between the boundaries of the solid core 

x  and the boundaries of the rectangle with 

coordinates x=±a is also a square trinomial 
depending on the variable ξa=x/a.  

The boundaries between regions with the 
dependence of the longitudinal velocity on the 
variable ξh and ξa are the curves passing through 
the vertices of the rectangle of the core and the 
rectangle in the cross section of the channel. The 
equations of these curves are given in the work of 
the authors [9]. The flow calculation procedure is 
reduced to calculating the costs in each of the four 
areas shown in the Fig. 1a.  

All these areas of the same type are trapezoids 
with curvilinear sides. The total flow in the 
channel is equal to the sum of the expenditures in 
the areas indicated above and the consumption of 
the solid core. The latter is equal to the product of 
the area of the core by its velocity. As shown by the 
authors, the flow rate of a longitudinal flow 
without transverse circulation is a fractional-

rational expression including the values 
x  and 


y  in the first to fourth powers. The flow rate of a 

flow with a transverse circulation has the form 
coinciding with the type of flow without 
circulation. All the differences are concentrated in 

the values 
x  and 

y , which, in accordance with 

(11), contain the transverse boundary velocities 
±
xW , ±

yW  as independent arguments.  

The velocity of the longitudinal flow with 
transverse circulation can be written in the 
following form: 
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The velocities x and y of the transverse flow 
in a rectangular channel should also be sought in 
the form of a square expression of the variables ξx 
and ξy. The corresponding transverse gradients 
are the sought values, in contrast to the 
longitudinal pressure gradient P/z, which is an 
independent constant value. To find the 
transverse velocities and pressure gradients, we 
must write down the equations of transverse flow 
for the same regions as for the longitudinal flow. 
These equations have the following form: 
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.   (13) 
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For definiteness, first consider transverse 
flows for regions defined by the inequalities 

1
xy  ,  yy 1 . In this case, the 

independent variable for the flow velocity 
x  will 

be ξy, and the pressure will depend on the variable 
ξx. Directly from the Fig. 1a follows that the ratios 
of the components τxx/τxy, τxz/τxy are equal to:
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If the values of τxx and τxz expressed in terms of 
τxy in accordance with (14) are substituted into the 
first of equations (13), then we obtain a partial 
differential equation connecting P/x and partial 
derivatives of τxy. Using the estimates /x≈/y; 
/z~zh/y,  where zh=h/L for the value of τxy, 
the following equation is obtained: 

 )1()1(1 2 

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h

xy

a

yP







 , (15) 

where ±
yP  – is pressure in regions above the flow 

core. 
For the regions defined by the inequalities 

1
xx   and  xx 1 , we must consider the 

second equation of motion (13). In this case, the 

independent variable for the velocity 
y  will be ξx, 

and the pressure will depend on the independent 
variable ξy. From the arguments given here, it 
follows that the stress components τyy and τyz 
should be expressed in terms of the component τyx. 
It is easy to do this as τyy = –τxx due to the equation 
of flow conservation and the ratio τyx/τy is 
calculated the same way as in the second formula 
(14). We can find the corresponding relationship 
without calculation using the duality relationship. 
To this end, we need to replace the index "y" with 
the index "x" in the formulas (14) and vice versa, 
and the value  with 1/2; and introduce the 

notation )1()/1( 
xxy   , for the ratio τyy/τyx, and 

the notation )1()/1( 
xzx   for the ratio τyz/τyx 

respectively. 
Returning to equation (15), it should be solved 

with boundary conditions different from the 
boundary conditions for the longitudinal velocity 
z. The transverse velocities at the boundaries of 
the rectangles in the section of the channel must 
be equal to the transverse velocities of the 
boundaries. On the surface of a solid core, the 
transverse velocities should be turned to zero. 

From formula (15) for pressures ±
yP  and 

pressures ±
xP for regions to the left and right of the 

core it follows that )( ayy PP   , )( hxx PP   . The 

variables ζa and ξh vary in the following limits: 

1
hx  ;  xh 1 ; 1

ax  ;  xa 1 . 

Consequently, the velocities of the transverse flow 

must depend on the values ay ddP /  и hx ddP /  

the same way as on the parameters we are 
seeking. To find unknown transverse pressure 
gradients, we should use these auxiliary 
representations. The flow between the solid core 
and the channel boundaries in the transverse 
plane can be imagined as a flow in four 
successively connected channels of different 
widths and lengths with moving and fixed 
boundaries. In each of these channels, a total flow 
consisting of a flowing current and a pressure flow 
is realized. The flowing current is caused by the 
movement of the corresponding boundary, and 
the pressure flow is caused by the transverse 
pressure drops. The four mentioned channels 
form a closed channel. This means that the 
pressure difference along the contour of the four 
channels must turn to zero. Since the transverse 
channels are sequentially connected in a closed 
loop, the costs of the transverse currents in each 
channel are equal to each other. The condition for 
the uniformity of all expenditures gives three 
conditions for the unknown values of the pressure 
gradients. Another condition appears due to the 
fact that the pressure drop along the closed circuit 
of the channels is zero. An additional unknown 
parameter is the pressure at the starting point of 
the closed contour (it is also its final point). The 
choice of the starting point is arbitrary. It does not 
affect the results. Below, the point with the 
coordinates ζa=1 and ξh=1 is used as the initial 
point for pressure. To determine the pressure at 
this point, the following condition should be used: 
the average value of the pressure in the cross-
section of the rectangular channel must be equal 
to the value of the longitudinal pressure in this 
section [9; 17]. The longitudinal pressure is a 
linear function of the longitudinal coordinate z 
and the boundary conditions at the ends of the 
channel. The longitudinal pressure is set 
independently by indicating the pressure values 
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Ph and Pk. It follows that the transverse pressure is 
a function of the longitudinal coordinate z, the 
values Ph(z=0) and Pk(z=L), and the values of the 

transverse velocities of the boundaries ±
yW , ±

xW . 

Another group of parameters that determine the 
behavior of the transverse pressure is associated 
with the characteristics of the longitudinal flow. 

These characteristics are: 
y , 

x , 
yx , 

zy , which, 

in turn, depend on , 0, 
yW|| , 

xW|| .Thus, the 

transverse pressure depends on all the boundary 
velocities and the coordinates of the boundaries of 
the solid core and the shape parameter . After 
these remarks, we can start deriving the equations 
for the lateral pressure and the flow. All the above 
is shown on the Fig. 2.  

The solution of equations (15) for )( hx    and 

its analogue for )( ay    in the above-mentioned 

limits with the boundary conditions discussed 
above is obtained after a series of cumbersome 
transformations and double integration over the 

transverse variable ξh for 
x  and ζa for 

y . 

 
 

Fig. 2. Characteristics of the flow core 
 
 

The result is as follows:
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Calculation of the flow rate in each channel is 

performed by integrating the velocity )( hx    in 

the intervals ( 
y , 1) and (-1, 

y );and velocity 

)( ax    in the intervals ( 
x , 1) and (-1, 

x ). The 

results of integration are the following:
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The fact that the channels of transverse 
circulation form a closed contour, and the 
transverse pressure itself must be continuous at 
the junctions of the channels, leads to the 
following relations between the pressure values: 

(+h)P=a)(P x
+
y

 , a)(P=h)(P yx   , h)(P=(+a)P +
xy 

, (+a)P=(+h)P +
y

+
x . From equation (15) and its 

analogue for )( ay    it follows that the dependence 

of the pressure on the corresponding coordinates 
along the transverse channels has the following 
form: 
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where P0 – is the pressure at the initial point with 
coordinates (x = a, y = h). 

The average value of the transverse pressure 
along a closed contour enclosing a solid core is 
defined as the sum of the integrals over the 
variables ξh and ζa in the appropriate limits. When 
integrating, the terms with ξh and ζa give a zero 
contribution. Therefore, the average value of the 
transverse pressure is: 
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The condition that the pressure difference 
along the closed contour equal to zero imposes the 
following restriction on the gradients of the 
transverse pressures: 
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The set of equations (19), (20) and also the 
three equations obtained by equating the 
expressions for the expenses given by formulas 
(17) compose a system of five linear equations for 

determining five unknown variables axP   / , 

hxP   /  and P0. Solving these equations and 

substituting the results to formulas (16) we can 
obtain closed expressions for the rates of 
transverse circulation. After obtaining the 

velocities )( hx    and )( ay    it is possible to 

calculate the energy of dissipation of viscoplastic 
flow in a rectangular channel taking into account 
the transverse circulation. The calculation 
procedure is based on the fact that in each of the 
four regions to which the rectangle in the channel 
section is divided, there is a flow that has 
longitudinal and transverse components. For 

regions above and below the core these are )( hz    

and )( hx   ; for regions to the left and to the right 

of the core these are )( az    and )( ay   . It should 

also be taken into account that because of 
equation (19), it seems that an additional 

dependence of the values 
x  and 

y  on the 

longitudinal coordinate z also arises. Therefore, 
the amount of dissipation energy e  per cross-
section of a rectangular channel must include 

terms that contain from ( 

x /z)2 and ( 

y /z)2. 

In fact, there is no such dependence. Equations for 
consumption include only pressure gradients over 
transverse coordinates such that the conditions of 
constant flow and zero pressure variation along 
the closed contour make up four independent 
equations for the four gradients. Therefore, 
although the pressure in the channel depends on 
all the coordinates x, y, z, the kinematic values 
depend only on the x and y coordinates. 
Considering these considerations, the value can be 
represented as the following sum:
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 (21)

The value of the longitudinal flow rate is 
calculated for each of the regions separately and is 
also summed up. As a result, the following 

expression is obtained for consumption zV : 
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(22) 

where 
zy  are defined by formulas (8), and 

zx  – 

are defined by their analogues based on duality 
principle. 

 

Conclusion 
Summarizing the results, we can conclude that 

the model of a three-dimensional flow of a 
Bingham fluid in a channel with a rectangular 
cross-section has been constructed with the use of 
two basic techniques. One technique is to divide 
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the rectangle into a solid core and the four 
rectangular areas. The second method is that the 
viscous flow in each of the regions is two-
dimensional – longitudinal and transverse, but 
both currents depend on the one coordinate. This 
means that such flows are equivalent to flows with 
transverse circulation in the flat channel. An 
additional technique arising from the first two 
ones is that the core of the Bingham fluid flow has 
a rectangle in its section. This, of course, should be 
considered as the some approximation to the real 

situation. This approach is justified by the 
possibility of the calculating all the main 
characteristics of a complex three-dimensional 
flow in an explicit analytical form and it shows 
how they depend on the boundary conditions. It 
also takes into account all the eight longitudinal 
and transverse boundary conditions with any 
possible distribution on the channel boundaries. 
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