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Abstract

The paper describes a new mathematical model of pressure swing adsorption (PSA) in terms of a set of concentration
waves passing through an adsorbent bed. The analytical solution for the passage of the concentration eigenwaves
through the arbitrary adsorbent bed is derived. This allows analytical solutions to be found for any shaped
concentration signal passing through the adsorbent bed. To do this, it is necessary to decompose the input
concentration signal into a set of adsorbed layer eigenwaves and obtain a solution for each of the concentration
eigenwaves at the exit of that adsorbed layer. Then, all the concentration eigenwave solutions are combined. This is
the solution to the problem of passing an arbitrary concentration signal through the adsorbent bed. This approach is
suitable for any periodic adsorption process and allows us to take into account the variable concentration of the
components at the entrance of the adsorption layer and the non-stationary diffusion in the adsorbent grain. The wave
approach to the analysis of periodic adsorption processes explains the effective operation of PSA units. The analysis
of the obtained solutions for PSA units designed for the production of oxygen from the air is provided. The conditions
necessary for the highly efficient operation of PSA units are formulated. The results are given for different brands of
zeolite, allowing the choice of zeolite to be optimized for the given operating conditions.

Key worlds: Pressure swing adsorption; PSA; Adsorption; Oxygen; Nitrogen.

KOHIUENTYAJIbHO HOBA MO/ EJ/Ib KOPOTKOLIMK/IOBOI AZICOPBIIII

Muxaitno b. KpaBueHko
OdecbvKuli HayioHabHulli mexHo/02i4HUll yHisepcumem, Byauys Kanamua, 112, Odeca, 65039, Ykpaina

AHoTanis

Y craTTi onMcaHO HOBY MaTeMaTU4YHY MO/e/ib KOPOTKOLMKJ/I0BOI 6e3HarpiBHoi agcop6uii (KBA) y Bursisai Ha6opy
KOHIeHTPaLiiHUX XBWJ/Ib, IO NPOXOAATH 4Yepe3d map aacop6eHTty. OTpuMaHO aHaJiTMYHe pilleHHA AJA
NPOXO/KeHHsI BJIAaCHMX KOHLIEHTpAliiiHMX XBUJIb Yepe3 AOBiJIbHMI map ajcopGeHTy. lle f03BoJIsI€ 3HAXOAMTH
aHaJiTUYHI pilleHHA A/ KOHILleHTPaLiHOro CUTHAJIy A0BiJIbHOI $pOpMU, AKUI IPOXOAUTD Yepe3 aACcoOpOyI0duii map.
JL1s1 1bOro He06XiJHO PO3K/IACTH BXiAHMHA KOHLleHTPaLiiiHUii cUrHaJs1 B HaGip BJ1aCHUX XBUJIb JAHOTO aACcop6LiiiHOro
apy Ta OTPUMAaTH pillleHHd AJIS1 KOXKHOI 3 BJIaCHMX KOHIIeHTPaLiifHUX XBW/Ib HA BUXO0/i 3 IbOTr0 MIapy afAcopGeHTy.
Jasi Bci pilieHHA A1 BJaCHUX KOHLEHTPALiHUX XBUJIb 06 €JHYI0ThCA. Lle i € pilneHHAM npo6/ieMH NPOXOAKEeHHS
KOHIIeHTPaLiifHOT0 CUTHA/Iy AOBiJbHOI popMHU Yepe3 map aacop6eHTy. Takuil niaxia npuaaTHUM 41 pO3PaXyHKY
OyAb-IKMX NepioANYHUX aACOPOIiiiHMX NPoILeciB i Aa€ 3MOry BpaxyBaTH 3MiHHY KOHILeHTpalLil0 KOMIIOHEHTIB Ha
BXOJAi B aAcopOuLiliHuil map i HecranioHapHy Audy3ilo BcepeAuHi 3epeH aJcop6eHTy. XBUIbOBUII NiAXIA A0 aHAJII3Y
nepiogu4YHUX aACOpPOLiHUX NMpPOLeCiB Ja€ NosACHEHHS ePpeKTUBHOCTI po60TH cydyacHUX ycTaHOBOK KBA. B craTTi
HaBeJeHO aHaJi3 OTpMMaHUX pimleHb AA ycTaHOBOK KBA, mpu3HayeHHMX AJid BUPOGHUITBA KHUCHIO 3 MOBITpA.
CdopMy1b0BaHO YMOBH, HeOoOXigHi AJ1A BUcOKOoedeKTHUBHOI po6oTu ycraHOBOK KBA. HaBegeHi pesyabTaTn
PO3paxyHKIB AJ/is1 pi3HUX MAapOK Lie0JIiTiB, 1110 J03BOJIAIOTh ONTUMI3yBaTH BUGIp Le0JIiTy A1 3aJaHUX YMOB PO6OTH
ycraHoBkM KBA.

Karouyosi cao6a: KOpOTKOLMKI0Ba Ge3HarpiBHa aJicop61iif; KHCeHb; a30T; LIeOJIiT.
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Introduction
Today there are many plants on the market
that operate on the principle of Pressure Swing

purification and enrichment of various industrial
gases such as oxygen, nitrogen, hydrogen and

Adsorption (PSA). These wunits allow the others.
Oxygen
P
1a
T
P
1b
T

Air

Fig. 1. Scheme and the cycle of the plant for oxygen concentration according to Skarstrom [1].
1 - adsorber; 2,5 - electromagnetic valves; 3,4 - check valves; 6 - throttle;
P - pressure; T is time

The working principle of all modern PSA units
is similar to the working principle of the unit for
separation of gas mixtures patented by the
American inventor Skarstrom in 1960 [1]. Figure
1 shows the scheme and cycle of the Skarstrom
plant.

The main idea of Skarstrom is that part of the
production gas is expanded to near atmospheric
pressure and used to regenerate the adsorbent.
After expansion, the volume of regeneration gas is
greater than the volume of compressed gas
entering the unit. As a result, the partial pressure
of the contaminant being removed from the
compressed gas is much lower in the expanded
gas. This results in almost complete regeneration
of the adsorbent.

Modern plants operating on the PSA principle
allow them to obtain high-purity products. For
example, in plants for the production of oxygen
from the air, it is possible to produce oxygen with
a purity of more than 90 % with an extraction ratio
of about 40 % [3-6].

It is generally accepted that the operation of
PSA units for oxygen production is based only on
the difference in the adsorption value of various
air components [2-5]. For example, synthetic
zeolite 5a, which can be used in plants for oxygen
production by the PSA method [3; 7; 8], is about
three to five times more active in absorbing
nitrogen than oxygen. Strictly speaking, this does
not mean that PSA operation is based on this

difference. This hypothesis has never been
questioned because it is considered quite obvious.

We will perform a simple thought experiment
to understand the nature of the problem
considered in this paper.

Let's take 1 m3 of air at an absolute pressure of
6 bar and let it pass through a layer of ideally
regenerated zeolite 5a, which is about five times
more active at absorbing nitrogen than it is at
absorbing oxygen. The equations for the oxygen
and nitrogen adsorption isotherms for this zeolite
are taken from the reference book [4]. Plots of the
changes in the partial pressures of oxygen and
nitrogen as a function of the air promotion in the
adsorber are shown in Figure 2. It can be seen that
the partial pressure of nitrogen decreases faster
than that of oxygen. However, nitrogen is
approximately four times more abundant in air
than oxygen. Therefore, the intersection of the
oxygen and nitrogen partial pressure curves,
corresponding to a 50 % oxygen concentration, is
only reached at an absolute air pressure of
approximately 1.75 bar. In other words, to achieve
a 50 % oxygen concentration, the adsorbent must
absorb approximately 75 % of the initial air. The
maximum oxygen concentration that can be
obtained at the outlet of such an adsorber at a
pressure of 1 bar is about 60 %. In this case,
however, the oxygen extraction ratio will be close
to zero.

Considering that it will never be possible to
completely regenerate the adsorbent by using gas
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with a nitrogen concentration close to 50 % to
regenerate the adsorbent, the partial pressure of
nitrogen at the outlet of the adsorber will be even
higher in the next cycle. Therefore, it is very

problematic to obtain oxygen with a concentration
of more than 50 % just because of the difference in
adsorption value of oxygen and nitrogen by zeolite
5a.
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Fig. 2. Absorption of nitrogen and oxygen in a layer of zeolite 5a.
1 is the total pressure of the mixture; 2 - partial pressure of nitrogen;
3 - partial pressure of oxygen

This simple example clearly shows that a
difference in oxygen and nitrogen adsorption
values is not enough to obtain 90 % oxygen with
an extraction ratio of about 40 %.

Companies that produce equipment with such
high technical characteristics are not in a hurry to
share their calculation methods and experience in
developing such equipment with potential
competitors. Therefore, they only publish
promotional materials that contain a minimum of
technical details about the operation of their
equipment.

On the other hand, there are dozens of open
access scientific publications describing the
mathematical model of PSA, which is based on the
equations of diffusion of a component in a moving
gas [9-12].

Effects that contribute to the high technical
performance of the best examples of industrial
plants are not mentioned in any of these
publications. However, this does not prevent the
authors of such publications from declaring a good
agreement between the results of the calculations
and the available experimental data.

In this work, an attempt has been made to
construct a mathematical model of the PSA for the
production of oxygen from air, based on the theory
of wave adsorption. Such an approach allows to
explain the effects responsible for such high
technical indicators as modern PSA plants have. In

addition, the proposed mathematical model
allows the clarification of the adsorbent
requirements necessary for the efficient operation
of PSA plants.

Wave Mathematical model of a Periodic
Adsorption Process

For the analytical description of the sorption
kinetics and dynamics we use the wave adsorption
model presented in [13-16]. This model allows
the calculation of transient adsorption processes
with variable gas composition at the inlet of the
adsorption apparatus.

In the mathematical description of the
adsorption of a gas mixture, as in [13; 14], the
following pattern of propagation of a component
in a porous adsorbent layer was assumed.

The component of interest is assumed to be
dissolved in a non-adsorbable carrier gas. The
carrier gas is filtered through the adsorbent layer
at a constant rate. The assumption that there is no
longitudinal gas mixing in the adsorber is
equivalent to the use of a carrier gas in the
considered model. Moreover, the carrier gas
moving at a constant velocity plays the role of a
moving reference system, relative to which the
phase shift of the component concentration
fluctuations is determined. Thus, the carrier gas is
an abstract element in the considered
mathematical model and is not necessary for the
implementation of the model.
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Near the contact points of the adsorbent grains,
stagnant zones are formed where the gas is
practically immobile. The main flow of the carrier
gas with the dissolved component passes through
a chain of cavities and voids in the space between
the grains of the adsorbent. Therefore, the entire
space in which the adsorbent is located is divided
into two parts: a fixed frame of adsorbent grains
with adjacent stagnation zones, and a system of
interconnected voids and channels in which the
carrier gas moves.

In the fixed frame, molecular diffusion in the
carrier gas is the main mode of transport for the
component of interest.

p, PC0YT) b OCYD) g Elexy,r) - Co(x,)]= Ko

aXZ ayZ
where C(xy,t) is the actual volume
concentration of the component in the fixed frame,
[m3/m3]; Cg(xt) is the actual volume

concentration of the component in the carrier gas,
[m3/m3]; B is the mass transfer coefficient
between the gas in the fixed frame and the gas
moving in the cavities between the adsorbent
grains, [m3/(s-m?)]; Fis the specific surface area of
the fixed frame, [m2/m3]. D¢ is the equivalent value
of the sorbate diffusion coefficient in the
adsorbent grain, taking into account: the relative
pore volume, the variable pore cross section, the
presence of dead-end pores, etc. [m2/s].

da
K. =] —
e [ dC jT =const

is the dimensionless Henry constant for the
adsorption of the component, where a is an
adsorption of that component, expressed in cubic
meters of sorbate per 1 m3 of bulk volume of
adsorbent.

Henry's constant is present in the reported
differential equation for the diffusion of a
component in a fixed framework. This means that
the proposed mathematical model assumes a
linear model of gas adsorption on the adsorbent.
The adsorption isotherm corresponding to this
model is called Henry's isotherm. If any other
dependence is chosen to describe the adsorption
of the component, we obtain a non-linear equation
for the diffusion of the component in the fixed

0°C(X, ,5) . o*C(x,y,8) _ K¢

ox’ oy* D¢

where s is the time differentiation operator
[17]; Co(x,y) is the initial distribution of the

component concentration in the adsorbing layer.
For simplicity, we will also have the assumption

In the system of channels between the grains of
the adsorbent, the transport of the component of
interest is mainly by convection.

The proposed formulation of the problem
considers the removal of the component from the
stationary frame to the moving carrier gas as the
sink of the component. A separate equation of the
component material balance describes the
convection of a component in channels with a
moving carrier gas.

Considering the above, the first equation of
molecular diffusion in a fixed frame can be written
as:

oC(x,y,7)
or l (1)

framework. This equation is either not analytically
solvable or its solution is too complicated.

The material balance of the component in the
carrier gas elementary volume moving in the
system of pores and cavities between the
adsorbent grains can be written in the form of a
one-dimensional differential equation:

p-F[C(x,8,7)-Cg(x,7)]-G eaxn)

dx (2)
where G is the volumetric flow rate of the carrier
gas and component assigned to the unit area of the
adsorbent bed, [m3/s]; & is the characteristic
particle size in the adsorbent bed, [m].

By combining these two equations, we can
determine the distribution of the concentration of
the component in the moving carrier gas and in
the fixed frame.

It solves the problem of diffusion and
adsorption of the component in a layer of the
adsorbent through which a carrier gas flows.

Since this mathematical model takes into
account a specific surface of the fixed frame F,
together with the characteristic grain size §, it
allows us to take into account accurately the shape
and dimensions of the grains of the adsorbent
used.

The solution of the resulting system is
analogous to the solution of the system described
in [13-16].

Equation (1), after the transition to the
operator form with respect to time, takes the form:

[s-C(x,y,s)—Co(x, y)]+ ﬂ[; F (C(x,y,8)-Cg(x,s)),

: (3)
that the initial distribution of the component
concentration is zero.

We apply the finite Fourier integral
transformation to the coordinate x, choosing the
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cosine function as the kernel of the transformation
[18-20]:

Selecting this form of the finite Fourier integral
kernel automatically provides second-order zero
boundary conditions at the ends of the fixed frame
(adsorbent layer).

(2rkf= 82Ci(y, 5) _[ Ko
-z Ce(y,s) +——= o DE

We perform the finite Fourier integral
transformation with respect to the y-coordinate.

Ek,n (S) = IEK (y’ S) Co{ﬂn %jdy'

We find the eigenvalues of the finite Fourier
transform p, to ensure that the third order
boundary condition is satisfied at the free surface

(40 ) tan(u,)-

B-F
De (7)

(2” k)z _/un ~ KG . _=
2 ~———~Ckn(S) Ckn(s) = D, S [-Ckn

jc v, s)+ﬂ Ch(1,9)~Cg,(9)

5+ 2

C,( C 27k > |dx
I(Xys)co{” hj k=012

After performing the finite Fourier transform
with respect to coordinate x, equation (1)
becomes:

(5)

We use the transformation kernel, which has the
form:

of the grains and the second order zero boundary
condition is satisfied at the grain symmetry axis.
To find the eigenvalues of the finite Fourier
transform, we use the transcendental equation:
The diffusion equation in the fixed frame after
the cosine Fourier integral transformation along
the coordinate y becomes:

F|:Ckn(s) Cy, (9) 7 Sm(/un):l

(8)

From this, we get the image of a function that describes the concentration of the component in the

fixed frame:

— Sk(s)ﬁ'F%Si”(ﬂn)
Ck,n(S) =

{((m): ﬂFJ K]
h? 5° D D:

(9)

This equation allows us to solve the fixed frame diffusion equation in the form of a double Fourier

series:

C(x,y,8)=

20-F <)t 2 y
E DE Z S Sln(ﬂn)5C0{ﬂn 5];(

- X
Cg, (s)-cos(Z;r-khj

: .
@rkf ' Ko o P FJ
h 5? D, D,

(10)

Where the coefficients ©9«(8) are independent of coordinates and are defined by the formula:

C=gk (s)= :l;Cg (x,8)- cos(Z;z -k %)dx.

Until now, the method of finite integral
transformations described in the scientific
literature [19] was used to solve the diffusion
equation of a component in a fixed frame.

(11)

Let us determine the wave nature of the
oscillations of the component concentration in the
carrier gas. Moreover, we choose not arbitrary
concentration oscillation frequencies, but
eigenfrequencies of the given adsorption process.
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Eigenfrequencies are frequencies at which an
integer number of concentration waves propagate
along the thickness of the adsorption layer:

X X AT x) . T
Cg(x,7) = A, Cos(27z~k(ﬁ+?n = Ak[cos(Zﬂ-kﬁjcos[Zﬂ-k?)—sm(Zﬂ-kﬁjﬂn(ka?ﬂ. 2

where T is the period of eigen oscillations of the
component concentration, [s]; Ak is the amplitude
of the concentration oscillations of the component

in the carrier inside the
adsorbent [m3/m3].
We will construct a finite integral cosine

transform with respect to the coordinate x:

gas moving

N h h
Cg,(r)= !Cg (x, T)CO{Zﬂ : m;:)dx =A cos(Zzz : k;) ! COS(Z?Z’ -k cho{Zn : m;:jdx -

h
-A sin(;z . kfjjco{&r : kaSin[Zﬂ . mx)dx
T ), h h

(13)

To find the integrals, we use the mutual orthogonality of concentration eigenwaves, given by the

equation:

h

ICOS(Zﬂk 5jcos(Zﬂmedx = E,_if{m =k}
J h h) 2

" x) . X :

jco 27k = |sin| 2zm = |dx =0, _if {m =k}
) h h

With this in mind:
z\h
Cg, ()= A cos 27k — |—.
0.(7) = A ( sz

(14)

(15)

We move to the time differentiation operator form:

Ah S
2
? (sz+(ﬂkj J
T

The meaning of the last transformation is that
all but one of the coefficients of the Fourier series
will be zero if a concentration signal is applied in
the form of a harmonic wave whose frequency
matches one of the eigen frequencies of the
adsorption layer to which this concentration
signal is applied. The solution of the diffusion
equation in this case can be represented as a
relatively simple finite expression instead of a
general infinite Fourier series.

As is well known from the theory of
oscillations, when a system is forced to oscillate,
the frequency of these oscillations will always
coincide with the frequency of the external action
that caused the oscillations. Therefore, the
frequency of the concentration oscillations inside
the adsorbent grain will be the same as the
frequency of the concentration oscillations
penetrating the adsorbent bed from the outside. In
our case, this will be one of the eigen frequencies
of the adsorbing layer.

In this case, the length of the concentration
wave propagating in the adsorbent grain is

C=gk (S) =

(16)

generally different from the length of the
concentration wave propagating in the adsorbent
layer under consideration.

Let us consider a concrete example of
adsorption of nitrogen from air using zeolite. For
the calculation of pressure swing adsorption
plants designed for the production of oxygen, it is
necessary to solve such problems.

In this case, the equivalent diffusion coefficient
of nitrogen in the zeolite granules is of the order of
Dg= 105 m2/s, and the product of the mass
transfer coefficient and the adsorbent grain
surface area BF~10 m3/s. Therefore, the
parameter BF/Dg, when the nitrogen is absorbed
by the zeolite, has values in the order of 106 m. The
corresponding values y, found by formula (7) are
very close to (1 + nmt/2), where n is an integer.

This means that an integer number of
concentration waves can almost fit into the grain
of the adsorbent. Therefore, we can use the
selection rule (14) to simplify the solution for the
coordinate y. However, it must be noted that in
this case the selection rule is only an
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approximation. Therefore, the sum of the infinite
Fourier series may deviate significantly from the
approximation obtained in this way, even if the
Fourier series term deviation is relatively small.

In this case, the sum of the Fourier series with
respect to the y-coordinate is approximately equal
to the n-th term of this series, which corresponds
to the n-th eigenwave of the adsorption layer. The
approximate value of the Fourier series sum for
the y-coordinate can be found using the norm of
the n-th harmonic whose square is equal to:

o . = feos{ s % oy

(17)
Ah pF
2 D,

(=:k,n (S) =

Calculation results show that for zeolite grains
whose diameter does not exceed 3-4 mm, such
simplification does not cause a significant error.
This means that for engineering calculations, this
equality is valid with sufficient accuracy in most
cases of practical importance.

As a result, using the frequency selection rule
(14), we have only one term left from the double
Fourier series, for which n=k. Therefore, we obtain
a relatively simple expression for the image of the
concentration wave in the stationary frame when
the k-th eigenmode of the concentration wave
arrives at the entrance of the adsorption layer in
the steady state regime:

“sint o

X
(((27[!()2+ﬂ”22+'8|:j+[(‘3-s] (Sz+[2ﬂ'kaj
h 5 D, ) D. T

(18)

We decompose this expression into simple fractions, and the result is an expression with two terms.

The first term is of the form:
Ah pF Hn

Ssin(u, ),

2 2
(s ]
h 52 D,

(e [

An inverse exponential function of time is the
original of this expression. At steady state, this
term tends to zero. Therefore, this term is omitted

? * (K.Y (27kY)
52 D, D, T

(19)

in the following, since the problem is one of
steady-state adsorption.
The second term can be rewritten as:

G)7] (5a )

EERIERICEINEE)

(20)

We go to the original of this expression at time. To make it easier to write, let us introduce the

following multi-indexed notation:
ih E & sin (

> D, 3 #,)

Ba , =

Blun =| 2 52 D
E .
Bs, :(K_Mﬂj
D, T
Then

Ek,n (T) = Bak,n \/(Bckm )2 + (Bsk,ﬂ )2 ' Hl//VH: ' CO{(%)T o @k,n)cos[aun %j

(S

; (21)

(22)

(23)

» (24)
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Were
BCk,n

\/(BCk,n )2 +(Bs, )’

The physical meaning of this formula is clear:
the amplitude of the concentration fluctuations in
the stationary frame is proportional to the
amplitude of the concentration fluctuations in the
carrier gas (at the entrance to the adsorbent bed)
multiplied by a specific coefficient depending on
the gas velocity and the adsorbent properties.

The phase of the concentration oscillations in
the stationary frame lags behind the phase of the

=arcsin

@, , =arcco

Cox3:2) =2 8a,, (B0, T+ (35 |

Bs,

\/(Bck,n )2 + (Bsk )2

2 T X y
-Co8| 27K| —+— |— o, — 1 =
N { (T hj D — Hy 5}

Bs, ,
=arctan| — |
Bc, .
(25)

concentration oscillations in the carrier gas
entering the adsorbent bed.

Unlike sound or electromagnetic waves,
concentration waves are not reflected from the
edges of the adsorbent bed. With this in mind, the
expression that describes the change in the
concentration of the component in the fixed frame
is as follows:

(26)

When a whole number of waves are placed in the adsorbent grain, the scaling factor value is equal to

the following equation:

o
”Wy : :E_

With this in mind, we have:

o X
C.(X,y,7)= Bak n\/(Bck‘n)z +(Bs, ) Ecos(Z;z : k(%+ﬁj_¢k — 1, %j

The finite particle size of the adsorbing
material is reflected in an additional phase shift of
the concentration wave in the adsorbing particles
and the adsorbing layer.

The material balance of the component under
consideration, in the elementary volume of the
carrier gas moving within the fixed frame, can be
written in the form of the differential equation (2).
The physical meaning of this equation is that only
the mass exchange with the gas inside the

(27)
adsorbent grains causes the concentration change
of the gas moving along the chain of cavities
between the adsorbent grains.

Taking into account the fact that the accepted
mathematical model considers only such
oscillations of the component concentration
where the phases at the input and output are
equal, we construct the cosine Fourier transform
for the coordinate x:

Co,(7) = }cg(x, z)cos[zn. k%)dx = Ca(h,7)— Cg(0,7) +

27rk

(27[ k thX Cg(h,7)-Cg(o, T)+

With thlS in mind, equation (28) can be rewritten after the cosine transformation as:

Cg(h,7)-Cg(0,7)+ AL

As in the work of the author [14], it is assumed
that in the steady state regime the mass of the
adsorbed component in the concentration wave
passing through the adsorbent layer remains
unchanged. This is possible only if the length of an
integral number of concentration waves in the
adsorbed layer is equal to the thickness of this
layer. Therefore, for the eigenwaves at the

Ce ()= ﬂG Co(6.7)- ﬁ B F g o).

Cgks(r)
; k=012... (28)
(29)
entrance and exit of this adsorbed layer, the
difference between the instantaneous

concentrations of the component in the carrier gas
is zero:

Cg(h,7)-Cg(0,7)=0

From this:
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2r-K— 5 -F =
g 0=LF C -]
. 30)

It follows from this equation that if a cosine components take place between the carrier gas
concentration wave is propagating in the fixed and the adsorbent. As a result, the amplitudes of
frame, it will produce a sine concentration wave of the mass oscillations of the components in the
a certain amplitude in the carrier gas. This can be  carrier gas and in the adsorbent are identical.

regarded as the spatial delay of the concentration The angle of spatial phase shift between the
wave in the carrier gas with respect to the concentration waves in the fixed frame and in the
concentration wave in the fixed frame. carrier gas is defined as the ratio of the amplitudes

During the stationary motion of a of the sinusoidal and cosinusoidal components of
concentration wave, multiple exchanges of these waves:

Cgs (l =arctan ﬂ—Fh .
~ S 27-k-G

@, =arctan

C.(8,7)— Cg (2) (31)

The amplitudes of concentration waves cannot waves. To implementation of this condition in the
be added during interference, unlike the case of interference of concentration waves, it is
amplitudes of sound or electromagnetic waves. sufficient to assume that the amplitude of the
This is because increasing the concentration of a  concentration wave at the exit from the
component without expending energy violates the  adsorption layer is equal to half of the amplitude

second law of thermodynamics. of the concentration wave at the entrance to this
When two streams are mixed, the resulting adsorption layer.
concentration of the component is found as the It follows that the amplitude of the

weighted average of the concentrations of the eigenoscillations of the component concentration
component in the mixed streams. Similarly, in the at the exit from the adsorbent bed will be equal to
case of superposition of concentration waves, the half of the oscillation amplitude at the entrance to
amplitude of the resulting wave is the average of this adsorbent bed:

the amplitudes of the interfering concentration

AATA_A LA
2 2 2 (32)
Given this, we obtain a relatively simple solution for the concentration eigenwaves at the outlet of
the adsorptive layer:

Cg,(x,7) = icos[Zzzk(% + %) - @, — l — O, }

? (33)
The physical sense of this formula is obvious: Using the Wave Adsorption Method to Calculate
for eigenwaves propagating through the a Periodic Adsorption Process
adsorbent bed, the frequency remains the same We demonstrate the potential of the obtained

and the wave phase is delayed in time by the angle  solutions for the calculation of a pressure swing
@r+un and in space by the angle wy Different adsorption process.
concentration waves also have different phase Consider the periodic process of nitrogen
angles. adsorption in a layer of zeolite grains of
Equations (30) and (32) are derived in a predetermined size. Such a process is crucial for
different way in the work of the author [16]. The plants designed to produce oxygen using the
derivation of these equations in different ways pressure swing adsorption method.
confirms their correctness. As an example, let us consider the case where
Since any periodic concentration signal can be air is periodically supplied to the inlet of the
represented as a sum of harmonic oscillations, we  adsorption apparatus in the form of a trapezoidal
can easily obtain a solution for any process of pulse atan overpressure of 0.8 bar. The adsorbent
periodic operation of the adsorption apparatus in  is regenerated under vacuum. The operating time
an unsteady but stationary regime by means of a  of the apparatus in nitrogen uptake mode and the
relatively simple solution for the eigenwaves of regeneration time of the adsorbent are assumed to
the adsorption layer. be the same. The volumetric flow rate of the air
supplied to the adsorber and the pumping speed



362

Journal of Chemistry and Technologies, 2023, 31(2), 353-367

(volumetric flow rate) of the vacuum pump is
assumed to be equal. The low pressure limit of the
vacuum pump should be less than 0.2 bar.

Calculations are performed for an adsorption
layer of 1 m height. The operating time of the
adsorption apparatus in the absorption regime is
assumed to be 100 s.

The air velocity in the adsorbent bed is
assumed to be constant and equal to 0.1 m/s. The
grain size of the adsorbent is assumed to be 2 mm.
The dimensionless Henry constant for the
absorption of nitrogen by zeolite 5a is assumed to
be Ks=11.7, and the equivalent diffusion
coefficient is assumed to be 2.4-10-6 m2/s.

a, = l f (r)sin(Zﬂk %jdf;

where f{t1) is a function expanded in the Fourier
series.

Then, using formulas (27) and (33), we find
Fourier series terms for the concentration of
nitrogen in the fixed frame and for the
concentration of nitrogen in the carrier gas exiting
the adsorber.

In this example, calculations were performed
on the first hundred terms of a Fourier series. This
eliminates the oscillations that are usually present
in the calculation plots when a Fourier series is
finite.

Figure 3 shows the calculated curves for the
nitrogen partial pressure at the inlet of the
adsorber 1, the nitrogen partial pressure in the
gas leaving the adsorber 2, and the nitrogen

b, =i i (r)co{zﬂk %jdr;

The coefficient of mass transfer from the grains
of the adsorbent to the carrier gas has been
determined from the formulas given in the
literature [4].

The flexibility of the proposed method can be
illustrated by the example of the assumption of a
linear change of the pressure during the entry and
the exit of the gas from the adsorber. The duration
of the inlet and outlet processes is assumed to be
equal to 15% of the operating time of the
adsorber.

We decompose the trapezoidal impulse of
nitrogen partial pressure into Fourier series. To
determine the Fourier coefficients, we use well-
known formulas from mathematical analysis:

(37)

partial pressure on the surface of the adsorbent
grains 3 in the outlet section of the apparatus.

The shape of the obtained graphs corresponds
to the ideas about the physical processes taking
place in the adsorber. At the stage of nitrogen
adsorption, its partial pressure at the outlet of the
adsorber increases due to saturation of the
adsorbent. At this stage, the nitrogen partial
pressure is slightly higher than the nitrogen
partial pressure at the surface of the adsorbent
grains. During regeneration of the adsorbent, the
picture is reversed, the nitrogen partial pressure
at the outlet of the adsorber decreases, and
throughout the regeneration period, the nitrogen
pressure in the carrier gas remains lower than the
pressure at the surface of the adsorbent.
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Fig. 3. Calculated dependences of the excess partial pressure of nitrogen.
1 - at the inlet to the adsorber, taking into account the periods of gas inlet and outlet;
2 - on the surface of adsorbent grains; 3 in the carrier gas exiting the adsorber
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The fact that there are two points where all
three curves intersect is an interesting feature of
this graph. This feature reflects the physics of the
processes taking place in the apparatus.

When the desorption of nitrogen ends and the
adsorption process begins, the direction of
movement of the nitrogen changes. The partial
pressure of nitrogen entering the adsorber will be
higher than the pressure of nitrogen on the surface
of the adsorbent grains. As a result, the partial
pressure of nitrogen in the gas leaving the
adsorber will also be higher than the pressure on
the surface of the adsorbent grains. Conversely, in
the transition from adsorption to desorption, the
nitrogen partial pressure in the gas leaving the
adsorber becomes lower than its partial pressure
on the surface of the granules. It follows that all
three curves must intersect at these two points if
they are to correctly reflect the physics of the
processes occurring.

The intersection of the three curves at the same
point can be used as a marker to estimate the
accuracy of the calculations, since all three curves
are calculated according to completely different
relationships.

Wave Adsorption Model of pressure swing
adsorption

In this paper, we consider a steady-state
periodic adsorption process. Therefore, the gas
flow at the inlet of each adsorber of the PSA unit
can be represented as a concentration signal with
an infinite number of periodic repetitions. It is
well known from mathematical analysis that any
periodic process can be represented as the sum of
an infinite series of harmonic oscillations.
Therefore, it is possible to expand the
concentration signal entering the adsorber into a
Fourier series in terms of the eigenfrequencies of
the given adsorption apparatus, if the shape of the
concentration signal is known. The
eigenfrequencies of the adsorption apparatus are
those concentration wave frequencies at which an
integer number of waves fit along the length of the
adsorber.

An analytical solution to the problem of passing
a periodic concentration signal of any shape
through the adsorber is obtained by summing the
analytical solutions obtained for individual
concentration waves at the exit of the adsorber.

However, this is not sufficient to construct a
mathematical model of the PSA unit because the
gas flow in the adsorber of the PSA unit moves
alternately in one direction and then in the other.
This problem can be solved by using the linearity
of the system of equations (1) and (2).

As you know, if there are two particular
solutions to a system of linear homogeneous
differential equations, then the sum or difference
of these solutions will also solve the system of
differential equations. Therefore, to construct a
mathematical model of the PSA unit, it is possible
to combine the solution for the direct flow of the
mixture to be separated with the solution for the
regenerating gas flow moving in the opposite
direction.

Since the sum and the difference of the
solutions of the problem for the direct flow of the
mixture to be separated and the problem for the
flow of the regenerating gas are equal from a
mathematical point of view, this means that the
system of differential equations (1) and (2) with
the alternating forward and reverse gas flow has
two solutions. Which of these solutions is
implemented in practice depends on the initial
conditions.

The PSA unit is a complex self-oscillating
system with non-stationary processes and flows.
Therefore, modeling and calculations of such units
should be performed on the basis of the
conceptual apparatus and methods of the theory
of dynamical systems.

In terms of the theory of dynamical systems,
the steady-state operation of the PSA unit with
repeated fluctuations of the concentrations and
pressures of the components is commonly called
the limit cycle. Different starting modes of the PSA
unit, in which the concentrations and pressures of
the components of the gas mixture are not equal,
but in the limit, lead to the same steady-state
operation of the unit, its limit cycle.

In the theory of dynamical systems, objects are
also known to have multiple limit cycles. The
initial conditions under which the system can
enter multiple limit cycles are called bifurcation
points.

Consequently, the adsorber of the PSA unit,
through which the gas mixture with the adsorbed
component and the countercurrent flow of the
regenerating gas pass alternately, has two
stationary operating modes or two limit cycles in
the terminology of the theory of dynamical
systems.

The firstlimit cycle is reached when, at the start
of the PSA unit, the adsorbent is regenerated
according to the absorbed component. In this case,
as the gas mixture passes through the adsorber,
the dissolved component is actively adsorbed and
almost pure carrier gas comes out of the adsorber.
The regenerating gas will carry the component
absorbed by the adsorbent out of the adsorber,
thereby regenerating the adsorbent. As a result,
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the absorbed component will virtually not pass
through the PSA unit.

The second stable operating mode of the PSA
unit is realized when the adsorbent is saturated
with the absorbed component at the time of start-
up. In this case, when the carrier gas with the
dissolved component passes through the
adsorber, the component will practically not be
absorbed by the adsorber because it is already
saturated with the component. Therefore, the
carrier gas will leave the PSA unit with virtually
the same amount of absorbed component as when
it entered the unit. If such a gas is used to
regenerate the adsorber, the content of the
component in the adsorber will also remain
virtually unchanged. As a result, in this mode, the
absorbed component will easily pass through the
structure of the PSA unit.

It should be noted that both operating modes
described can be implemented on the same unit
with the same adsorbent. The transition from one
stable state to the other will occur when a certain
degree of saturation of the adsorbent is reached at
the time of the start-up of the unit. This degree of
saturation of the adsorbent with the absorbed
component, in terms of dynamic systems theory,
will be the bifurcation point from which, as a
result of insignificant deviations, one of the two
stable system states can be reached.

If the atmospheric air is considered as a
mixture of two components: nitrogen and oxygen,
then to simulate, for example, a PSA plant
designed to produce oxygen, it is necessary to
consider separately the processes of absorption of
oxygen and nitrogen by the adsorbent. In this case,
there are not two, but four variants of initial
conditions.

The first mode is the simplest from the
analytical point of view if at the beginning of the
plant operation, the adsorbent is completely
regenerated in terms of both oxygen and nitrogen.
This case is discussed in detail above, in the
introduction to the article. In this mode, the
oxygen concentration at the outlet of the unit is
determined by the difference in the adsorption
value of the components of the mixture fed to the
inlet of the adsorber. For example, if nitrogen is
absorbed several times more actively than oxygen,
the outlet of the unit will be air enriched with
oxygen to a concentration of 50-60%.

This, but not the low selectivity of the
adsorbents used, seems to explain the low
efficiency of the first PSA units for oxygen
production [1, 3].

The second possible mode of operation of the
PSA plant for oxygen production is when the plant

starts working with an adsorber fully saturated
with nitrogen and oxygen. In this case, as in the
previous case, the oxygen concentration at the
outlet of the adsorber is determined by the
difference in adsorption of the components of the
mixture to be separated. It is easy to see that if the
isotherms of nitrogen and oxygen adsorption are
linear or close to linear, the same low oxygen
concentration will be obtained in the first and in
the second mode of operation of the PSA units.
Therefore, both cases are of no practical interest.

The third mode of operation of the PSA unit is
obtained when the adsorbent is saturated with
oxygen and regenerated with nitrogen at start-up.
In this case, nitrogen is actively absorbed from the
air entering the adsorber and almost all of the
oxygen passes through the adsorber. As a result,
almost pure oxygen will come out of the adsorber.
If some of this gas is used to regenerate the
adsorber, even after expansion to near
atmospheric pressure, the partial pressure of
oxygen in the regenerating gas will also be quite
high. For example, if the pressure of the air
entering the separation unit is 5 bar, then the
partial pressure of oxygen in this air will be about
1 bar, so the degree of saturation of the adsorber
will not change much during the operation of the
unit. Therefore, a necessary condition for
achieving high values of the oxygen recovery
factor is almost complete saturation of the
adsorbent with oxygen during operation of the
PSA unit.

The situation is different for nitrogen. Since the
regeneration gas contains little nitrogen, the
adsorbed nitrogen is effectively removed from the
adsorbent.

It is obvious that in this mode of operation of
the PSA unititis possible to obtain practically pure
oxygen in a relatively large amount.

If the adsorbers are filled with oxygen during
the installation, then such a unit will very quickly
enter the mode of obtaining almost pure oxygen
after the start-up.

And finally, the fourth case, when the PSA unit
starts working with an adsorbent saturated with
nitrogen and regenerated with oxygen. As shown
in the previous case, it can be concluded that the
output of such a plant will be practically pure
nitrogen. Moreover, it is not at all necessary that
the adsorption of oxygen by the adsorbent used in
the plant be greater than the adsorption of
nitrogen.

The question remains why in PSA air
separation almost all argon is found together with
oxygen, although the adsorbent is not specifically
enriched and regenerated with argon.
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This is explained by the fact that argon adsorbs
on the same active sites of the adsorbent surface
as oxygen and therefore competes with oxygen for
these active sites. As a result, as the adsorbent
becomes saturated with oxygen, the adsorption of
argon by that adsorbent will decrease. In other
words, saturating the adsorber with oxygen is
equivalent to saturating it with argon. Therefore,
if oxygen can pass through the adsorber almost
unhindered, then argon will easily pass through
the same adsorber. Conversely, if the adsorber
absorbs oxygen, it will actively absorb argon.

It follows that the necessary condition for the
efficient operation of the PSA device is the
adsorption of the components of the mixture to be
separated at different active centers of the
adsorber surface.

An external manifestation of this is the
independence of the adsorption of a component
from the degree of saturation with other
components of the mixture. In fact, the separation
of the gas mixture in PSA units takes place in the
process of adsorption of the molecules of the gases
to be separated on different active sites on the
surface of the adsorbent.

On the other hand, as shown in the example
discussed in the introduction, even a significant
difference in the binding energy of the molecules
of the adsorbed gases to the surface of the
adsorbent, which appears externally as a
difference in the absolute value of adsorption of
gases to this adsorbent, does not ensure effective
separation of the gas.

Results of PSA unit calculations using
the Wave Adsorption Model

Calculations of the PSA plant for oxygen
production were performed. The adsorbents 53,
OxySiv 5 and OxySiv 7 were selected for the wave
adsorption model calculation. The last two
zeolites were developed at the Linde Air Products
Division Laboratory specifically for use in the
oxygen production adsorption wunit. The
adsorption isotherms for these zeolites were
taken from the reference book [4] for 5a and [21-
24] for Oxysiv 5 and Oxysiv 7. Figure 4 shows the
adsorption isotherms of nitrogen and oxygen for
the zeolites 5a, Oxysiv 5 and Oxysiv 7.

In all calculations, the length of the adsorber is
assumed to be 0.5 m, the operating time of the unit
is assumed to be 60 s, and the characteristic size of
the adsorbent grain is assumed to be 1 mm. A
mixture of nitrogen and oxygen under the
absolute pressure of 7 bar and with the oxygen

concentration of 21 % is supplied to the inlet of
the unit. All other parameters of the plant: gas
velocity in the adsorbers, bulk weight of the
adsorbent, temperature of the adsorbent, etc. are
assumed to be the same.

In order to simplify the analysis and
interpretation of the results of the calculations in
the mathematical model, the gas overflow
between the adsorbers during the changeover has
not been taken into account. If necessary, the gas
overflow between the adsorbers can be easily
taken into account by setting the time of this
operation.

Figure 4 shows the calculated graphs of the
dependence of the oxygen concentration at the
outlet of the device on the oxygen extraction ratio.

First of all, it should be noted that the above
mathematical model allows us to explain the
mechanisms by which the oxygen concentration
exceeds 90 % with an extraction ratio greater than
30%. Using the 5a zeolite, an oxygen
concentration of 80 % was obtained with an
extraction ratio of 35 %. This significantly exceeds
the result of a simple absorption of oxygen and
nitrogen with a fully refined adsorbent considered
in the introduction.

It should be noted once again that these
indicators are obtained without taking into
account the leveling pressure stage in the
adsorbers when changing them. It is quite obvious
that by taking into account the leveling of the gas
pressure when changing the adsorbers, the
oxygen extraction ratio from the air will increase.
This conclusion is also confirmed experimentally.

The review [25] refers to the results of a study
of PSA plants for oxygen production, according to
which the pressure equalization stage allows to
reduce the energy consumption for oxygen.
Therefore, taking into account the pressure
equalization stage in the adsorbers, the calculated
indicators of the plants will be even better, i.e. they
will become approximately the same as in
industrial samples of PSA plants. Similar results
are presented in [26-29].

Calculations also show that adsorbents with a
higher nitrogen to oxygen adsorption ratio are not
necessarily the best for PSA plants. In the example
considered, the 5a zeolite adsorbs more nitrogen
and oxygen than the OxySiv5 zeolite, but the
OxySiv 5 zeolite provides a significantly higher
oxygen concentration than the 5a zeolite in the
selected installation mode.
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Fig. 4. Calculated dependences of the concentration of production oxygen on the oxygen extraction ratio from the air
during the operation of the PSA unit on zeolites of the 5a, Oxysiv 5 and Oxysiv 7 brands.
1- zeolites CaX; 2 - zeolites Oxysiv 5; 3 - zeolites Oxysiv 7

Dynamic self-oscillating systems, which are
PSA systems, are characterized by complex
behavior. While for linear systems it is possible to
formulate statements such as if one of the varying
parameters increases, the other design
parameters will also increase or vice versa. This is
not the case with dynamic systems. If you change
any parameter in the adsorption phase, it will lead
to a change in the parameters in the regeneration
phase, and the change in the parameters in the
regeneration phase will in turn affect the
parameters in the adsorption phase. Therefore,
when modeling the operation of PSA units, it is
necessary to consider the entire operating process
of such a unit as a whole, rather than dividing it
into separate phases that can be analyzed
separately.

This is fundamentally different from the
established practice of engineering calculations
and design of technological processes, which is
based on decomposition of complex technological
schemes and processes into simpler parts that can
be analyzed separately.

The Wave approach to the consideration and
calculation of PSA plants is ideally suited for these
purposes. All phases of plant operation are
considered as a whole and the parameters of the
plant limit cycles are determined directly as a
result of the calculations.

The exclusion of transients from the
consideration when using the Wave approach to
calculate PSA plants is a major advantage of this
method, as it radically simplifies plant
calculations.

Conclusions

A prerequisite for the effective operation of the
PSA unit is the adsorption of the components of
the mixture to be separated at different active
centers of the adsorbent surface. An external
manifestation of this adsorbent property is the
independence of adsorption of one component
from the degree of saturation of other components
of the mixture.

Even a significant difference in the binding
energy of the adsorbed gas molecules with the
adsorbent surface, which is externally manifested
by the difference in the absolute value of
adsorption of gases by a given adsorbent, does not
provide effective separation of the gas mixture.

The Wave approach to the analysis and
calculation of PSA processes allows finding an
analytical solution of the system of differential
equations describing the operation of the
adsorption apparatus. The analysis of the obtained
solution shows that this system of equations in the
case of separation of a multicomponent mixture
has several solutions.

Conditions have been formulated to ensure the
realization of those solutions that provide the
most efficient operation of PSA units.

The mathematical model developed on the
basis of the wave approach for the analysis and
calculation of PSA processes allows to explain the
mechanisms that allow to obtain high oxygen
concentrations with an extraction ratio of more
than 40 % in the best industrial samples of PSA
units.
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